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What do we know?

1

2

3

d� =
1

2(S �M2)
e4

1

Q4
Lµ⌫4⇡MWµ⌫

d3l0

(2⇡)32E0

Wµ⌫ = �
⇣
gµ⌫ � qµq⌫

q2

⌘
W1(⌫, Q

2) +
1

M2

⇣
Pµ � qµ

P · q
q2

⌘⇣
P⌫ � q⌫

P · q
q2

⌘
W2(⌫, Q

2)

4

f(y)

5

W
µ⌫

=
1

4⇡M

Z 1

x

dy

y
f(y)W̃

µ⌫

6

W1(⌫, Q
2) =

X

i

Q

2
i

2M
fi(x)

W2(⌫, Q
2) =

X

i

Q

2
i

⌫

xfi(x)

7

HERA F2

0

1

2

3

4

5

1 10 10
2

10
3

10
4

10
5

F 2 em
-lo

g 10
(x

)

Q2(GeV2)

ZEUS NLO QCD fit

H1 PDF 2000 fit

H1 94-00

H1 (prel.) 99/00

ZEUS 96/97

BCDMS

E665

NMC

x=6.32E-5 x=0.000102
x=0.000161

x=0.000253
x=0.0004

x=0.0005
x=0.000632

x=0.0008

x=0.0013

x=0.0021

x=0.0032

x=0.005

x=0.008

x=0.013

x=0.021

x=0.032

x=0.05

x=0.08

x=0.13

x=0.18

x=0.25

x=0.4

x=0.65

8



Radiative corrections
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corrections is complicated
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Radiative corrections Gluons

Gluon distribution 
function
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Should calculate corrections 
to both parts

There are large logarithms in 
this diagrams



Collinear singularity
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Large logarithm
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Large logarithm
The full expression is complicated. 
That is typical for QCD.

The problem of any QCD calculation is to separate 
of what is important from what is not
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Cancellation of collinear divergence
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Radiative corrections in DIS
Corrections to the partonic cross section:

Corrections to distribution functions:

f(y)



Radiative corrections in Drell-Yan
Corrections to the partonic cross section:
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Corrections to distribution functions:

G. Altarelli, R.K. Ellis, and G. Martinelli, 
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Drell-Yan I: gluon distribution function
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Drell-Yan: gluon distribution function
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Dimensional regularization

Cross section
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Drell-Yan: collinear divergence
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Drell-Yan: color

Average over color

1

8

1

3

Eight matrices

Three indexes

F a
µ⌫ ! (�ac + i↵bT b

ac)F
c
µ⌫

 i ! (�ij + i↵btbij) j

Eight matrices

Eight indexes

T b
ac = ifabc

[ta, tb] = ifabctc

[T a, T b] = ifabcT c

Representation of 
the same group

tr[ta] = 0 tr[T a] = 0

tr[ta, tb] =
1

2
�ab tr[T a, T b] = Nc�

ab

taikt
a
kj =

N2
c � 1

2Nc
⇥ ij T a

beT
a
ec = Nc ⇥ bc

We need this |M |2 / tr{ta, ta} = 4



2

Drell-Yan: partonic cross section
Color

Gluon  spin

Quark  spin

Parsonic cross-section:
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Drell-Yan: phase space
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Drell-Yan: phase space

We need to perform this integral
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Drell-Yan: phase space

d = 4� 2✏

Z
d⌦d�3 = 21�2✏⇡

1�2✏
2

�( 1�2✏
2 )

�(1� 2✏)
=

2⇡1�✏

�(1� ✏)

Z ⇡

0
d✓ sind�3 ✓ = 21�2✏

Z 1

0
dv(1� v)�✏v�✏

Substitution yields:

The integral over angle we wish to 
calculate

Z
dd�1p3

(2⇡)d�12E3
2⇡�(2p1 · p2 � 2p1 · p3 � 2p2 · p3 �M2) =

1

2(2⇡)d�1

Z 1

0
dp3p

d�3
3

Z ⇡

0
d✓ sind�3 ✓

Z
d⌦d�3 ⇥

⇡p
s
�(p3 �

s�M2

2
p
s

)

Z
dd�1p3

(2⇡)d�12E3

dd�1k

(2⇡)d�12Ek
(2⇡)d�d(p1 + p2 � p3 � k) =

1

8⇡

✓
4⇡

s

◆✏ ✓
1� M2

s

◆1�2✏
1

�(1� ✏)

Z 1

0
dv(1� v)�✏v�✏



Special functions
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Drell-Yan: partonic cross section 
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Drell-Yan: collinear divergence
Let’s explicitly integrate 
over angle
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Drell-Yan: collinear divergence
We want to study this result at ✏ ! 0
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Drell-Yan: final result

a✏ = e✏ ln a = 1 + ✏ ln a+ . . .

This is o
ur final

 result
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How to extract gluon?

Correction to quak 
distribution

Calculate some c.s. (form factor) 
and extract this correction

gluon distribution

“free” gluon

quark distribution

�⇤

�⇤

d� =

Z 1

⌧0

dx1

Z 1

⌧0/x1

dx2q̄(x1)g(x2)d�̃(qq̄ ! �

⇤)

g(x2)

F2(x,Q
2) =

X

i

Q

2
ix

�
qi(x,Q

2) + q̄i(x,Q
2)
 

We calculate gluon corrections to this functions

W
µ⌫

=
1

4⇡M

Z 1

x

dy

y
q(y)W̃

µ⌫

Compare

q(y)

q(y)

g(y)

Calculate this diagram with the gluon distribution and 
compare with the form factor to extract quark 
distributions



Transverse and longitudinal structure functions
We want to calculate contribution 
of this diagram into the hadronic 
tensor

Compare with form factor

1

2

F2(x,Q
2) =

X

i

Q

2
ix

�
qi(x,Q

2) + q̄i(x,Q
2)
 

This will give gluon corrections to 
quark distribution functions

3

It is much more convenient to calculate transverse 
and longitudinal structure functions

WT ⌘ �gµ⌫Wµ⌫

WL ⌘ PµP ⌫Wµ⌫

Recall the general structure of the hadronic tensor

WT = (3� 2✏)W1 �
⌫2

Q2
W2

WL = �M2⌫2

Q2
W1 +

M2⌫4

Q4
W2

Q2 � M2

Don't forget about “deep” regime

⌫ =
P · q
M

W
µ⌫

=
1

4⇡M

Z 1

x

dy

y
g(y)W̃

µ⌫

g(y)



Transverse and longitudinal structure functions
WT = (3� 2✏)W1 �

⌫2

Q2
W2

WL = �M2⌫2

Q2
W1 +

M2⌫4

Q4
W2

(1� ✏)
1

M

F2 = xWT + 4
x

3

Q

2
(3� 2✏)WL

F2 = ⌫W2

We have expressed form factor in terms 
of functions we want to calculate

W
T

=
1

4⇡M

Z 1

x

dy

y
g(y)W̃

T

“Free gluon”

W̃T

p2

p3

p4

q

p1

k

p3

p2

p1 ! p2

k ! �q

p2 ! �p4
p3 ! p3

s = (p1 + p2)
2 ! (p2 � p4)

2 = t

t = (p1 � p3)
2 ! (p2 � p3)

2 = u

u = (p2 � p3)
2 ! (p3 + p4)

2 = s



Scattering amplitude

W
T

=
1

4⇡M

Z 1

x

dy

y
g(y)W̃

T

W̃T

p2

p3

p4

q

p1

k

p3

p2

WT ⌘ �gµ⌫Wµ⌫

Equivalent to summation over 
photon polarizations

s = (p1 + p2)
2 ! (p2 � p4)

2 = t

t = (p1 � p3)
2 ! (p2 � p3)

2 = u

u = (p2 � p3)
2 ! (p3 + p4)

2 = s

Q2 ! q2

Fermion loop

+ average over gluon color and spin (the 
coefficient is different than before)

X

spin, color

|M |2 = 8e2Q2
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Phase space

W
T

=
1

4⇡M

Z 1

x

dy

y
g(y)W̃

T

Scattering on a 
single gluonNow we need the phase space

W̃T

p2

p3

p4

q

The result from the previous calculation
Now we integrate over two quarks in the final state 
and take into account that the quark is massless
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t = �2p2 · p4 = �s

✓
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s

◆
(1� v)

u = �2p2 · p3 = �s

✓
1 +
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s

◆
v

We substitute this into square of the 
amplitude and perform integration

W̃T

p2

p3

p4

q
Phase space
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Express Mandelstam variable 
in terms of angle

✓

p4 =

✓p
s

2
,

p
s

2
, 0T

◆

p3 =

✓p
s

2
,�

p
s

2
, 0T

◆

p02 =
p
s� q0

~p2 = ~q

Take into account photon virtuality and get
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W
T

=
1

4⇡M

Z 1

x

dy

y
g(y)W̃

T

W̃T

p2

p3

p4

q
Transverse structure function

There is no flux factor

P

p2 = yP

x =
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