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Radiative corrections

e p———
Py Spectator parton -.

Factorization with radiative
corrections is complicated

Gluow radiation
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Radiative corrections o Gluons

Gluon distribution

function ... -
g  — W, = —= F(y) W
g A7M [, y
- -~ ——y « 4
"\\/\? ___. Should calculate corrections
et to both parts

There are large logarithms in
this diagrams




Collinear singularity

Quark propagator:
ilp—k+m)  i(p—F+m)
(p— k)% —m? + ie 2p - k
4
7 Substitute

Let’s choose a particular frame:

2
p= (Ep, 0, 0, Epy/1— g) k= (F,0, Exsin 6, Ey cos6)

Quark velocity

- .
-------

This quark comes from
the parton distribution

i(p — k+m) _ i(p — k+m)
(p—k)? —m? + e 2EpEk{1— 1 — COSQ}

E;
If the quark mass is non-zero everything is fine
4
Quark mass regulates colltnear

v stngularity

i(p — k+m) _ i(p — k +m)
(p—k)? —m?® +ie 2F, E), (1 — COS 9)

At zero angle we get “collinear singularity”

of the quark propagator



Large logarithm T{47)
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iM = —ieQuu® (p )" x ighy téu’ (p) x eu(q)es (k)

Write the contraction explicitly:

Z(p o % + m) T4a

(p— k)2 —m? tie |

iM = eQ;gu® (p')y" u* (p) x €,(q)e2 (k)

Complex conjugated amplitude

— 0 o
U= quy %V/.//

5 _ Use the same color indexes. True
T{y} after summation over polarization.

“Propagator for the complex
conjugated amplitude
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The full expression is complicated.
That is typical for QCD.

The problem of any QCD calculation is to separate
of what is important from what is not

.............. We can estimate

e Jacobian

. / 3k \M|2 /7T 0 sin 0
g v ~J
(2m)32E, 0 1—,/1— Tg—s cos

It is just an estimation which helps us to Collinear logarithm
understand the general structure Q2
2
4 g (Q ) In W ~ 1
E? 2 «
G ~In—- ~In-—= '
m? m? . .
et We should sum this structure in all
(e QY© orders of perturbation theory
At fixed Q is regulated by mass T 00
....... ot
The mass singularity can be found inall """ o\ |

orders of perturbation theory



Cancellation of collinear divergence

We will use another regulator

------------- » Zero quark mass



Radiative corrections in DIS

Corrections to the partonic cross section:

Corrections to distribution functions: G{ Uuon cormch’om

Gluon radiation



Radiative corrections in Drell-Yan

Corrections to the partonic cross section:

Corrections to distribution functions: G{ Uuon cormch’om
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Virtual emission
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Gluown radiation
G. Altarelli, R.K. Ellis, and G. Martinelli,

Nucl. Phys. B157, 461 (1979)



Drell-Yan I: gluon distribution function




Drell-Yan: gluon distribution function
2
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[M|* = e*Qig"Tr{t"t"} x Tr{p?fYT(l% _p1)7up27u(p3 _p1)’YTt12
! 2§77 (Py — PV P (P + pQ)fy,Jé

1 .
dp A (A T T _} e Trace of gamma
pzﬂ (7)1 ?2)7 }752%(37)1 p2)7ﬂ 52 matrices

Color trace

Collinear divergence is
already here ) AP,

‘.
"
"
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We regulate it with dimensional
regularization

Mandelstam variables:

s = (p1 +p2)? = 2p1 - 2 = (p1 — p3)? = —2p1 - p3 u=(p2 —p3)° = —2p2 - p3



Dimensional regularization

This operation has “serious”

B consequences

d=4—2e .. /d4p3—>/d4 *“p3 ;

W

\‘g\z\k\‘ﬁ c? { 0 V} — gV
_ e S Y,V oy = 49
p1% ' M &\\N\Q‘"s\o
g'uyg,uu =d
p3

Vi, = —2(1 — €)d

pQ/,v k

Vb, = —2¢Dd + 2edpg

Cross section
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*
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TT{pryT(pg _pl)/w%’y“(p:s _pl)%} =4(1 - E)QTT{p:s(pg _Zﬁl)%(}% _p1)} A

4

Tr{y"~v"v"v7} = 4(g"" g°

Tr{dp} = 4a-b
Yy =d
Y by, = da-b— 2edh

but Trl =4

— gMPgv + g/wgl/p)
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Removes regularization

e > TT{p:),VT(p:), _Zz’l)V“%%(?g —p1)77} =32(1 — €)°p1 - p3 p1 - p2 = —8(1 — €)’st

T’r{pgfyT(pg — pl)'y“pQ'yT(pl —|—p2)’yﬂ} = 8(1 — 6){ —u(s+t+u)+ est} = 8(1 — 6){ — uM? + est}

Tr{ " (b, + P )7 By (B, + ) f = 81— )st



Drell-Yan: collinear divergence

Z ’MP - €2Q1292Tr{tata} X TT{J’/):),VT(F’:», _27’1)7“?52%(157’3 _¢1)7Tti2

spin, color

+23753”YT(3753 - 7)1)7%7}2%(32}1 +¢2)%‘$

+I¢37M(3ﬁ1 T pth}Z)Q%(% T p2w“5i2}

< A Y.

Tr{pBW(pl +p2)77p2%(p1 +ZZ)2.)%} _ _§(1— G)QSt TT{?gW(zﬁg - 27‘1)7“13;)2%@‘3 —pl)%} = —8(1 — €)“st

Tr{p, v (B — POV o, + By} = 8(1— ) — ubt® + est|

Result é

v
S
> M =sQ P Tr (et} (1 - of (1 - (5 + —
spin, color
4
Has divergence of the type a\mo&‘ﬁ
------ BT A
1 N 1 . \lxls‘zlv\ k\{\\S\.

t  p1-Dp3




Drell-Yan: color

---------- Eight matrices

Vi — (055 + zozbtb])w]

IR Three indexes

et Eight matrices

| 2
a TP ¢
F/u/ — (5ac + 10 T@C)Fr‘“/
“v
S Eight indexes

a 4bl __ - rabcyc
[t 7t ] T Zf t ¥.  Representation of
“ the same group

[Ta7 Tb] _ ifabcTc »

We need this

ki — T9N.

3 ; Average over color

Fun
dament "RPresentatsy,

tr(t*] =0 tr|T* =0

----------- > [t 1Y) = %5“) tr[T% T° = N6

N? -1
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X 155 T TE = Ng X 1pe

IM|? o tr{t®, t*} =4



Drell-Yan: partonic cross section

1 1 1 1 S —1 uM?
r I E: M2:_222{1_ ( )_2 2}
Colo,, __________ ’Gd—22 . ‘ ’ 36 ng ( 6) —t_l_ s of + Z€
spin, color
v A
Gluon spin -.--o0

Quark S|'o'in

Parsonic cross-section:

L1 2 dps d°k 4c4 PC:}L 7 tntegrate over fiyql
do = o= M 2 ) — — k ase-sp
C T 9594 p.zl M (27)32E; (277)32Ek< )"0 (p1 +p2 —p3 — k) ace
sSpin,color C —————— —— / ------ .t

We live in the world with arbitrary number of dimensions:

do 1 1 Z ’M|2 dd_lpS dd_lk’ (2 )d5d( n k)
— - B _
0} 28 12(d — 2) spincol (27T)d_12E3 (27T)d_12Ek P1 P2 P3
,color L .

' _space
o{»diw\mswwa( phase-spa



Drell-Yan: phase space

ol LS g B
O — T . .
28 12(d — 2) o | (27T)d_12E3 (27T)d_12Ek P1 P2 P3

spin,color < L

Let’s explicitly integrate in center of mass frame:

pP1 = (%7
(d’_z)_d(w\zm
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This will be our future
integration variable

' ~space
A—Aimemswma( phase-sfa
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Recall that:
sS+t+u=M?

S

In this problem everything
depends on angles, so phase
integration is not trivial

By definition:
2pip3(1 — cos )

t

From momentum conservation:

0 __ 0
p3=+vs—k
We neglect quark mass:
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Drell-Yan: phase space

/ dd—1p3 d9—1f (2 )d5d( 1o — —k) _/ dd—1p3 271‘5(2 : ) 9, _Mz)
(2r)i 128, (2r)i12E, o O WP P2 T Ps m ) = [ oy STOWSPL P2 2Lt Ps T 2P2 s

We want to separate anglesthe T We need to perform this integral

amplitude doesn’t depend on

/ dkq - - - dk, _1dk,, / dk,, / dkp_ 1k~ 2/dQn 5

| n d1m space

.
.
.
-"‘
PR

kpn_1=ksin®, k, = kcosf

/ dkq - --dk, _1dk, = / dkk™ 1 / dfsin™ 20 / dQ,, o
— 00 0 0

R 4 A b

L(“z*)

.. /dQn_2 _ 2n—27_‘_(n—2)/2

['(n —2)

5 We have this dependence

: _ o _ i
27 (2pD+ - — IDq - — Iy . M3 = —5§ . M in the amplitude
70(2py1 - p2 — 2p1 - p3 — 2p2 - p3 — M?) Nz (ps3 NG )

1
= 5(1 + cos )



Drell-Yan: phase space

/ 4™ s 216 (2 2 2 M?) ! /Ood a- 3/7Td0 i d—30/dﬂ x — S_Mz)
"P2 — "P3 — " P3 — = 7T sin _ — —
(27T)d_12E3 ™ P1 - D2 P1 - D3 P2 * D3 2(27-‘-)d—1 0 p3p 0 d—3 \/g P3 2\/§
A | N
: B » . .
. Dimenstou 13
shifted
d=4— 2

Substitution yields:

d?1pg A1k y 1 [47\° M2\ !
2 — — = — S 1_— 1_ —€,,—€
/(zw)d—leg (2myi-1zE, 2O Pt s ) = < s ) ( s ) r(1—e)/0 do(l = v)~

\/\/_Q_ l/\a\/-Q. fakll S{- A )L]CICMH- pan' !S doM-Ql.

space. The m The integral over angle we wish to
calculate



Special functions

Beta function That -
k [qu (s q”ﬁOq P(m)
" bout B veed fo A

1
B(u,v) :/ drxt (1 — )V
0

" Can prove by iteration

«*
.t
.®

_ (T
Bl v) = T'(p+v)

/2
B(u,v) = 2/ df sin®* ! @ cos?” 1 0
0

Gamma Function

- N »eczmr/ozq relg Fiow,
r(z) = /O 485 exp(—B) D) = T(z +1)
Gamma function of the infeger arqument gkpthz'oh re
T(1+e)=1—eyg+ Hhron

I'(n)=(n—1)! T1(1/2) =x/2

L(n)I'(1/2) =2""'T(n/2)T((n + 1)/2)



Drell-Yan: partonic cross section

do= o TR oyt o 3
~ 2512(d — 2) (2m)d—12E; (27)d-12E, ) O W TR

spin,color - —
f—

A A

2

1 1
2\ 1~ 1 / 1dvfu Nln(l—v)‘
11 1 [47\° M -
do = —8—62Q2 pp— (—W> (1 - — ) X / dv(l —v) ‘v~
0

. 1 Without dimensional regularization

X — € ( -+ + 26} the integral is explicitly divergent

{a-9 (1—M2/s)(1—v) I B SIIEEY S
The collinear divergence?

s 1—wv



5 (7)
X{(l_e)((

) w
= M2/s)(1—v)

Drell-Yan: collinear divergence
1
536 '

)x/oldv(l—fv)

—G,U—E
v
s 1—w
/
€
2 2 1 4_7T
&7 S

Let’s explicitly integrate
over angle
+ 26}
1
I'(p)I(v)
bhooy » rreenn L B(u,v E/ deat 11 —z) ! =
9ra/ ol /‘,./V','q'/' ..... ( ) 0 ( ) F(,LL + V)
‘D
o\ 1—2€ ; oﬁOq
1 - %) 1 the Sh "ecog o .Ze
s ['(1—¢) o “Cligry
1 ['(1—¢e)'(—e) M?\ T'(1—-eI'(2—¢)
1— 1— — 2
X{( E)<1—M2/s T(1— 2¢) +( p T(3 — 2
T
< resu[g. is f .
Hite g1 fi
it sh;
fE
I'(—e)
Collinear divergence is in this
function

M2T(2 — )T (—e)

['(2 — 2¢)

.
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(1 —
21— o)

02— 20) }

PO/QJ' o/[ fly,e-g
A

>
ﬂ/hcf,bh




Drell-Yan: collinear divergence

€ 1—2e
A6 — ilezszfi 4m 1 _ %2 1 We want to study this result at € — 0
253 8m \ S S ['(1—e¢)
1 ['(1—e)'(—¢) M\ T'(1—-e)'(2—¢) M?T(2 — e)I'(—e) I2(1 — ) }
_ _ _ e~/
X{(l €)<1—M2/s T(1 - 2¢) +<1 s T(3 — 2¢) T TEe-20 T2
Aply |
We need: 3
1 1 —
D(z+1)=al(z)  T(—e)=--T(1—¢€ = > 14
€ 1 — 2e
’
v
1 1-e T?(1—¢ 1_M2 F2(2—e)+2M21—6F2(1—e)+2r2(1—e)
e1— M2/sT(1— 2¢) s JT(3—2¢)  es 1—2eT(1—2¢) @ " T(2— 2¢)
F/'h/'f.e F/.’W.ﬁe
1-2 4
11 1 [(4m\° M? |
do6 — — —2022— (22 1M
7 2336QZ 877(5) ( 3) ['(1—e¢)
v 1T2(1 —¢) 1 —e¢ 2M? 1 M?
8 {_Er(l—ze) [1—M2/3 s (HE)] T3 <1_ T) +}

We have explicitly separated
collinear divergence
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Drell-Yan: final result
o Lo () (9 ()

|

4r M?/s

. 1 T'(1—¢)
0= "f8rs {(er(1—2€) T (1= M2 s)




How to extract gluon?

N Calculate some c.s. (form factor)
¢ have calculated this “free” gluon and extract this correction

*
~y
----------------------------------------------- >
g(x2) , T Correction to quak
i distribution
do :/ dazl/ droq(x1)g(xe)do(qq — v") ) ;
70 To/x1 « 1 dy ~
W = —— | —Zq(y)W,
. 224 47TM ; Y (y) nv
gluon distribution -+
otributi We can consider thi definiti
quark distribution r fais as definition

of distribution Functions q(y)

(2, Q%) ZQ%{% r,Q°%) + Gi(z,Q%)}

Calculate this diagram with the gluon distribution and We calculate gluon corrections to this functions

compare with the form factor to extract quark
distributions



Transverse and longitudinal structure functions

We want to calculate contribution 1
of this diagram into the hadronic
tensor

1 1
Wy =— | =2
: 47TML

Compare with form factor It is much more convenient to calculate transverse
and longitudinal structure functions

.
.®
P
.
.
«*
.

Fy(z, Q) Xp%mwwf+wan

WT — _g’uJVW'L”/
A
' Wy = P*P'W,,,
This will give gluon corrections to ' Recall the general structure of the hadronic tensor
quark distribution functions
V2
Wr = (3 —2)W1 — 7 W
P-q M?v? M?v4
Y= Can W=
fo/ye oy Q Q
2 2 /’/J‘J.
Q > M 3#&,,

Don't forget about “deep” regime



Transverse and longitudinal structure functions

2
124
WT = (3 — 2€)W1 — @WQ 1 ZCS

(1—e)77Fo = aWr + 15 (3 —2e)Wy

We have expressed form factor in terms
of functions we want to calculate

s=(p1+p2)? = (p2—pa)° =t

= (p1 —p3)2 — (p2 —p3)2 = U
u=(p2 —ps)? = (p3+ps)° =s




Scattering amplitude

spin, color

1 L dy ~
‘/‘/ — - ‘/‘/
=4 | Ty 9(y)Wr
”T = —QW/HW/

Equivalent to summation over
photon polarizations

s=(p1+p2)* = (p2 —ps)° =t
t=(p1—ps3)® = (p2 —ps3)® =u
u= (p2 —p3)® — (p3 +ps)° =s

—1 S

Q* — q°

2. 1MP

spin, color

A

"*** Fermion loop

> ME = 8@ Te(ey (1 - of - (S 4 =) -2

2
82022 Tr {19t} (1 — e){ (1—e) (3 n %) DL Y

U tu

+ average over gluon color and spin (the
coefficient is different than before)

|



Phase space

T L (RPICR Ry

spin, color

z Y V... Scattering on a

Now we heed the Fhase space REEEETE. single gluon

d4=1ps di=1k dcd 1 [(4m\° M2\ !
2 -+ — — = — | — 1] — — - 1 — —€,,—€
/(27?)d_12E3 (27T>d_12Ek( ™) 70N pr + P2 = ps = ) 87 ( ) ( ) (1 - e)/o dv(l —v)~

The result from the previous calculation
Now we integrate over two quarks in the final state

and take into account that the quark is massless

dd_1p3 dd_1p4 d cd 1 47T ‘ ]. 1
2 — — = — — - 1 _ —€, ,—€
/ (2m)9~12E; (27T)d_12E4( m) 0N P2 =P~ pa) 8 ( s ) I'(1—e¢) /0 Aol — o)



Phase space

2
16(11— ) 2. |MP= 262@@292{(1 —€) (2 i %) B 2% B 26}

spin, color <

Express Mandelstam variable
in terms of angle

/ d*1ps di=lp,
(

1 [4m\° 1
9 )d5d e _
2m)4—12F; (27T>d—12E4( m)“6%(q + p2 — p3 — pa) ( ) T(

8T \ S

Take into account photon virtuality and get

2
t=—2pg-ps=—s <1+Q—) (1—v)

S

2
u:—2p2-p3:—3<1+Q—)v

S

We substitute this into square of the
amplitude and perform integration




Transverse structure function

W = 1 Z |M’2>< dd_1p3 dd_1p4 (27r)d5d( + po — p3 — pa)
YT 16(1—e) (27)12F, (2r) 12E, q+p2—p3 —pa

spin, color

Remove electron charge
'a
- 1 [47\¢ 1 1 1—w v 2092 1
= 2Q%¢*— | — dvo(l —v) v < (1 — — —2
Wr =2G; 87r<s> r(1—e)/0 v(l —v)" {< €)< v +1_v) s(1+Q2/s)2 v(1 —v) 6}

Kinematic variables

Q° Q’ 2

2 2 _
T = = = — §=2ps-q— 2=
2P - ¢ y2p2 - q q Q p2-q—Q /Yy
There (s oqs
~ 1 AT =z ‘ 1 - Y to calculate Fhis
— 22 nt ' .
Wr =2Qig 8T <Q2 1 — Z) I'(1—¢) mhegral using B Function

xfoldv(1—v)€v6{(1—e)(1;” ) —22(1—z)v(11_v) —26}




